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Let G be a k-connected graph where k ) 3. It is shown that if G contains a path 
L of length I then G also contains a cycle of length at least ((2k - 4)/(3k - 4)) 1. 
This result is obtained from a constructive proof that G contains 3k2 - 7k + 4 
cycles which together cover every edge of L at least 2k’ - 6k + 4 times. 
1. INTR~OIJ~TI~N 
We denote by f,(l) the largest integer m such that every k-connected graph 
which contains a path of length 1 also contains a cycle of length at least m. 
Dirac [3] and Voss [4] determined that 
f2(l) > 2P 
and that this result is best possible. Bondy and Locke [l] proved that 
.fm 2 $1. 
In the same paper, it was shown that 
x4(l) < E c 1 1+ O(P), 
where a = log, 2, and conjectured that there exists a sequence of constants 
cg , c., ,..., ck ,... such that lim,,, ck = 1 and 
fk(l) 2 ck 1 
for all k and 1. 
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In this paper, we extend the methods used in [l] to show that 
(1) 
for all k >, 3. We recommend that the reader be familiar with the methods 
presented in [ 1, 21. 
2. VINES 
Let L = wO w, . . . w, be a path of length 1 in a k-connected graph G. As in 
[ 11, our strategy will be to first identify a subgraph H of G which contains L 
and whose structure is relatively simple. We shall then establish the existence 
of a set of cycles in H which together cover every edge of L a certain 
number of times, thereby yielding a lower bound on the average length of 
these cycles. 
For the sake of completeness, we include here the relevant definitions from 
[ 11. If u and u are vertices of a path P, with u preceding u on P, we write 
u < v on P. The notation P[u, u] represents a path from u to u; if P has 
already been defined, we take P[u, u] to be the subpath of P from u to u. A 
vine on L is a set 9 = {Pi[ui, vi]: 1 Q i < m) of internally disjoint paths, 
which we shall call vine-paths, such that 
(1) PinL=(ui,Ui}, l<i<m; 
(2) wg = u, < u* < u, Q 243 < u* <u, < **a < 24, < urn-, < u, = w/ 
on L. 
We shall call the ordered pair (u~+~, vi) an arch. Vines 9 = {Pi[ui, vi]: 
l<i<m}andsS={Qi[xj,yj]: l<j<n}onLaredisjointif 
(1) PinQj~ V(L) for all i, j, 1 <i<m, 1 <jjn; 
(2) Ui = Xj ~ Ui = W, ; 
(3) vi = yj =s ui = w,. 
We call disjoint vines 9 and 9 totally disjoint if there exist no integers i, j, k 
such that 
ui+l < Yj<Xj+k < Vi or Xj+I < Ui<Ui+k < yj on L (2) 
ui+l cxj+I < ui < Yj or Xj+l < Ui+i < Yj < Vi on L. (3) 
Figure 1 depicts two totally disjoint vines on a path. It should be noted that 
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FIGURE I 
if (u, U) and (x, y) are distinct arches with I( ,< x, then either u < u <x < y or 
u<x<y<u. 
The following lemma is the basis of our approach. Its proof may be found 
in [l]. 
LEMMA 1. Let L be a path in a k-connected graph G. Then there exist 
k - 1 pairwise totally disjoint vines ,9,, SF2 ,..., C9k’k-, on L. 
We denote by H the subgraph of G determined by L and these k - 1 
vines. It now remains to find an appropriate set of cycles in H. 
3. MODULES 
Let (u, u) be an arch in H such that there is no arch (x, y) with x < u and 
u < y on L. A vine-path P[s, t] will be said to enter L’ = L[u, u] ifs < ZJ < t. 
P will be said to leave L’ if s < u < t. A module M = (u =x1, x2 ,..., x,-, , 
x, = u) is a subgraph of H with the following properties: 
(i) M consists of L’ and of all vine-paths which enter or leave L’; 
(ii) a vertex z E (xi}rrl if and only if the vertex z E V(L’) has degree 
at least 3 in H, and 
(iii) xi < xj on L if i < j. 
Note that for each vine ,q, there is exactly one vine-path P in Yj which 
enters L’ and exactly one vine-path Q (not necessarily distinct from P) 
which leaves L’. If P = Q, we shall say that 3 misses L’. 
Figure 2 depicts the various (non-homeomorphic) modules when k = 4. 
Since the vines 9r, 9?!,..., C Ykpk-, are totally disjoint, each internal vertex of 
L whose degree in H is at least 3 is contained in some module. Any two 
modules, restricted to L - ( wO, w,}, may intersect in at most one vertex: the 
last vertex of one of the modules may coincide with the first vertex of the 
next. Each of the cycles which we shall define in H contains wO and w,. We 
can describe such a cycle by considering the cycle as a pair of internally 
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FIGURE 2 
disjoint (NJ,, w,)-paths and demonstrating how these paths traverse each 
module as they proceed from w,, to wI. 
A traversal of a module M = (x,, x2,..., x,) by a cycle C is the route 
followed by C as it passes through M. A traversal T enters (leaves) M on a 
vine $ if T follows the vine-path of 3 which enters (leaves) M. T enters 
(leaves) M on L if exactly one edge of T n M meets x, (x,). Each traversal 
we shall describe enters (leaves) M on two vines or on L and one vine. Two 
or more traversals of M may follow the same route. We shall choose integers 
dk and ek such that 
(i) the number of traversals entering (leaving) any module on any 
given pair of vines is d, ; 
(ii) the number of traversals entering (leaving) any module on L and 
any given vine is ek ; 
(iii) the number of traversals entering (leaving) any module M= 
x, ,x2 ,..., x ) on any given pair of vines and containing the path L[x, , x2] 
iresp. L [x,” , , x,]) is at most id,. 
We impose conditions (i), (ii) and (iii) for the following reasons. Let 
M = (x1, x2 ,***, XJ and M’(Y, 1 Yz 3**-7 Y”> 
be consecutive modules along L. Any cycle leaving M on two vines must 
enter M’ on the same two vines. Furthermore, since we shall consider M and 
M’ independently, we cannot identify a pair of vines leaving A4 with a 
particular pair of vines entering M’. Thus we set the number of cycles 
leaving M and entering M’ on any given pair of vines to be d,. For similar 
reasons, we set the number of cycles leaving M and entering M’ on L and 
any given vine to be ek. If x, = y, , as in Fig. 3, a further complication 
arises. A cycle C which leaves M on a pair of vines may contain the 
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FIGURE 3 
subpath L [x,- , , x,,,]. In general, C cannot also contain LI y, , y,]. Because 
of this, it is convenient to require that at most id, of the cycles leaving M 
and entering M’ on two vines contain L[x,-, , xm], and that at most fd, 
contain L[ y,, y,]. 
By (i) and (ii), the total number of cycles we shall describe is 
dk + (k- l)eka 
We would like to choose these Nk cycles so that each edge of L is 
contained in as many cycles as possible. In order to determine an upper 
bound on this number, we examine two particular modules (see Fig. 4a). 
The first module is X, = (x, ,x2 ,.,., xZk-J, where (xi, xZk-, -i) is an arch, 
1 < i < k - 1. In this module L (xk-, , xk] is covered only by those traversals 
‘1 ‘2 ‘3 ‘4 ‘5 ‘6 
(b) 
FIGURE 4 
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which enter on two vines, or those which leave on two vines. Since there are 
( ‘(; ’ ) pairs of vines, L [xk-, , xk] is covered by at most x cycles, where 
The second module is Y, = (y,, yJ. Let S[u, u] be a path in one of the 
vines with u ( y, and y, < v on L. Figure 4b displays three routes through 
Y, using S. If ri denotes the number of traversals using route Ri, then by (i), 
(ii) and (iii) 
rl < $4, r2 >$d,, r,+r,=e,. 
Thus L[ y, , y2] is contained in 
r,+r,<fd,+(e,-fd,)=e, 
of the cycles using S. Since there are k - 2 choices for S, L[ y, , y,] is 
contained in at most y cycles, where 
y=(k-2)e,. 
We now take a weighted average of x and y: 
(k-2)x+2(k- 1)y 
(k-2)+2(k- 1) * 
Since this is equal to ((2k- 4)/(3k - 4)) Nk, one of x and y is at most 
((2k - 4)/(3k - 4)) Nk. If both are equal to this then 
ek= (k- l)d,. 
We shall now describe Nk cycles which together contain every edge of L 
at least ((2k - 4)/(3k - 4)) Nk times, where the values d,, ek, N, are 
dk = 2, e,=2(k- l), Nk=(3k-4)(k- 1). 
Firstly, we deal with one special module, M, = (x1, x2,..., xk+ ,), where 
(x,, x3), (x3,x,) ,..., (xk-, , xJ are arches (see Fig. 5). 
The routes by which the cycles traverse this module are best described by 
diagrams (see Figs. 6 to 10). In each figure, rj denotes the number of 
traversals of Mk which follow route Rj, etc. In each diagram, for the 
remainder of this paper, we shall label only those vertices of L which have 
degree at least 3 in H and are necessary to describe the route. 
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In Fig. 6 
In Fig. 7a 
In Fig. 7b 
‘1 ‘2 ‘3 ‘4 ‘5 ‘6 
+z!iz?c 
FIGURE 5 
2<i<k-2. 
2gi<f(k+ 1). 
f(k+ 1) < i<k- 1. 
R3 R4 
2S11k-2 2StS k-2 
FIGURE 6 
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Qk4 G+, “I I k*l 
,;=I 
$(k+I)<i<_k-I +(k+l) < 
,;=I 
k-l 
i 
% 
rkl 
2SiII/z(ktl) 
FIGURE ?a 
i(k+l)<iSk-I 
r ‘=I 
8 
$(ktl)< ilk-1 
FIGURE lb 
582b/32/2-8 
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r;=Zk-4 
Z<!sk-I 
FIGURE 8 
In Fig. 8 
2<i<k-1. 
In Fig. 9 
2<i<j-l<k-2. 
That the above traversals satisfy conditions (i) and (ii) may easily be 
checked; for example, the number of traversals entering M, at x, and xk+ , is 
k-l k-1 
F7 rf + T ri + rl, + r 
,e* 
,3=(k-3)+(k-2)+ 1 +2=e,. 
i=2 
That condition (iii) is satisfied is seen from the grouping by row of the routes 
in Figs. 6 and 7. If xk+ i has degree 3 in H, then (k - 1) ek cycles leave the 
module along L, and the edges of L between this module and the next are 
covered (2k - 2)(k - 1) times. Thus it remains only to show that 
L [x, , xk+ , ] is covered at least (2k - 4)(k - 1) times by the above traversals. 
FIGURE 9 
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(0) 
Is- 7 ‘k+l 
73 
r ,f2 
lb) 
FIGURE 10 
By symmetry, we need check only L[x,, x,,,+~] for 1 <m < [(k + 1)/2]. 
The numbers of traversals in Figs. 6 to 10 which cover L[x,, x,+ ,I, 1 < m < 
[(k + 1)/2], are displayed in Table I. Thus L[x, , x2] is covered 
(3k-9)+(k-2)+(2k-4)(k-2)+ 1=(2k-4)(k- l)i-2(k-3) 
> (2k - 4)(k - 1) times. 
TABLE 1 
Fig. Numbers of Traversals 
6 3k-9 if k) 4 and m = 1 
3k- 10 if k)4 and m = 2 
3k- 11 if k>4 and m>3 
7 k-2 if m=l 
k+4m-1 if m>2 
8 (2k - 4)(k - 2) if m=l 
(2k - 4)(k - 3) if m)2 
9 
10 
2k - 8 if k>4 and m=2 
2k- 10 if k> 5 and m) 3 
1 if m=l 
1 if m=2 and k)4 
2 if m>3 
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For k = 3, L[x,, x3] is covered four times, and for k > 4, L[x,, xj 1 is 
covered 
(3k - 10) + (k + 1) + (2k - 4)(k - 3) + (2k - 8) t 1 
= (2k - 4)(k - I> + 2(k - 4) 
> (2k - 4)(k - 1) times. 
If 3<m& [(k+ 1)/2], then k>5. So L[x,,,,x,,,+,] is covered 
(3k - 11) t (k + 4m - 7) t (2k - 4)(k - 3) t (2k - 10) + 2 
= (2k - 4)(k - 1) + 2(k - 5) + 4(m - 2) 
> (2k - 4)(k - 1) times. 
We have therefore demonstrated that there exist (3k - 4)(k - I) traversals 
of M,, satisfying (i), (ii) and (iii) and covering L[x, ,xk+ ,] at least 
(2k - 4)(k - 1) times. 
We now proceed to a general module M= (y, ,..., y,). Here, the vertices 
Y3, Y4,...9 y,-* may have degree 3 or 4 in H, and some vines may not met M 
at all (see Fig. 11). 
Let (X*,X2), (x*,x3),..., tx,- , ,x,) be a maximal sequence of arches in M. 
Then the ordered set of vertices (y, , x, , x2 ,..., x,, v,) is a submodule of M. 
Since the vines are totally disjoint, the set of vertices ( yz, y3 ,..., y,- , } can be 
partitioned into maximal sequences of arches and so the module M can be 
decomposed into submodules. In Fig. 12, we illustrate this decomposition for 
the module of Fig. 11. 
We shall now describe a set of traversals of M. Later, we shall verify that 
these traversals satisfy (i), (ii) and (iii) and that each edge of L’ = L[ y, , y,] 
is covered by at least (2k - 4)(k - 1) traversals. 
We shall now consider how two vines ,$, zJ$ may meet M and, in each 
case, describe traversals of M. Suppose ,q and -7 meet M in two arches 
'I '2 '3 '4 '5 '6 '7 52& 
FIGURE 11 
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FIGURE 12 
contained in a submodule M’ = (y,, x,, x2 ,..., x,,- Ir y,). Earlier we 
described 3m2 - 7m + 4 traversals of M,. Each of these traversals 
corresponds to a traversal of M’ and thus to a traversal of M. As traversals 
of M, we take all the traversals of M, defined in Figs. 6 to lO--with the one 
exception that ri3 = 0. This gives a total of 3m2 - 7m + 2 traversals for each 
submodule corresponding to M,, 3 < m < k - 1. 
For each pair of vines $, CT, with i # j, which do not meet M in arches 
contained in the same submodule, we shall describe a set S’,j of traversals of 
M. In the set S’,j, sf;j traversals will follow route Sy. Therefore, all 
traversals of M are obtained by taking the aforementioned together with all 
the traversals S’,‘. 
Suppose t$ and 9J. meet M in arches (x, , x2) and (x3, x,) which are not 
contained in the same submodule. Since we may assume that x, < x3 on L, 
there are just two possible orderings of the vertices x, , xz, x3, xq on L: either 
x, < x3 < x, < x2 or x, < x2 < xX < x, on L (see Fig. 13). Note that, by 
definition, (x, , x2> # (y, , y,). 
Figure 14 illustrates three routes through M in each of these cases. Since 
si*j = 2 for each q, we have described six traversals of M which together 
c:ver each edge of L’ four times. 
Suppose one of %T, Yj, say $ does not meet M in an arch. Let (x, , x2) 
be an arch of Cq in M and let Q[z,, z2] be a path in CT such that z, < y, and 
y, < z2 on L (see Fig. 15). 
FIGURE 13 
582b/32/2-9 
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FIGURE 14 
YI 7 x3 x4 x2 yt 
* i,J 
s3 
If (x, , x2) f (y, , y,), Fig. 16 depicts six traversals of M. Each edge of L’ 
is covered by four of these traversals. 
If (x, , x2) = (y, , y,), Fig. 17 displays eight traversals of M. Again, each 
edge of L’ is covered by four of these traversals. 
Suppose neither <q nor .q meets M in an arch. 
Let QIIzI,z21 and Q z z3, z4] be paths in vines .Yi and ,Yi with z, , z3 < y, I 
and y, < z2, z4 on L. Figure 18 shows six traversals of M covering each edge 
of L’ four times. 
Finally, we include two traversals of M by the route shown in Fig. 19. 
We have now described a set of traversals of M. That conditions (i) and 
(iii) holds is easy to check. Thus we shall just consider condition (ii). To 
G!s- 
21 YI XI x2 yt ‘2 
Q 
FIGURE 15 
LENGTHS OF PATHS AND CYCLES 219 
x 7 %? yt \r/ Q i,j =7 
‘8 I 
0,=2 
u i,j 
53 
1,) 
5,53 
2 
&I Ql 
Q2 
i j  
% 
i j  
$=2 
XT -Jc 
w L-9 I,j ‘,J s6 S9 
i,i ‘,I 
x6=2 sg=2 
FIGURE 16 
FIGURE 17 
$A 
16 
66 YI yt 
w 
‘11 
52 
:r’., 
I2 
IM_ 
YI  yt 
u ‘81 
54 
i j  
9’=2 
14 
yt &/ Ql 
02 
i j  
“1; 
I,i 
5 =2 
17 
FIGURE 18 
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FIGURE 19 
simplify the discussion we shall assume that ,Y, meets M in the arch (y, , y,). 
(This results is no loss of generality.) In SuVb there is a traversal entering on 
L and 9, iff j E (a, 6}, so we need only consider traversals from SaJ. Either 
3 misses L’, as in Fig. 15, or Yj meets M in an arch (x,,x&. In the first 
case, four traversals of S’Tj enter M on L and 3 as in Fig. 17 and two 
traversals of Saqj enter M on L and q as in Figs. 16 and 18, for each vine 
YO”,, a @ (1, j}. This gives a total of 
4 + 2(/c - 3) = ek. 
If ,T meets M in an arch (x, ,x2) # (y, , y,), then (x, , x2) occurs in exactly 
one submodule, say M’ = (z,, zz ,..., z,+ 1 ). There are e, traversals entering 
M’ on L and 3 and two traversals of S”*’ as in Figs. 14 and 16 for each 
vine -P, not meeting the submodule. This total is 
e,+2[(k-l)-(m-1)]=2(k-l)=e,. 
There are e, - 2 = 2(m - 2) traversals entering on L and Y, for any 
submodule M,. We note that m - 2 is the number of internal arches of M’ 
and thus the total for all submodules is 2i, where i is the number of internal 
arches of M. There are also two traversals of S1*a entering on L and Tr for 
each vine S, that misses L’ as in Fig. 17, and two more traversals given in 
Fig. 19 for a total of 
2i+2[(k-l)-(i+ 1)]+2=e,. 
Since conditions (i), (ii) and (iii) are satisfied, we have described 
(3k - 4)(k - 1) traversals of M. It remains only to show that these traversals 
together cover each edge of L’ at least (2k - 4)(k - 1) times. We do so by 
establishing a correspondence between the traversals which enter on two 
vines and the number of times L’ is covered. In a submodule M,, there are 
2( “;‘) traversals which enter on two vines. Since all the traversals derived 
from M, together cover L’ at least 4( “; ‘) times, L’ is covered at least twice 
for each traversal that enters M, on a pair of vines. 
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For any pair of vines ,9$ CT not meeting in a common submodule, we 
have one of the cases shown in Figs. 14, 16, 17 and 18. In the appropriate 
figure, there are two traversals of S’*’ entering A4 on 3 and 3. and L’ is 
covered four times by the traversals in this figure. We see that L’ is covered 
at least twice for each traversal that enters A4 on a pair of vines and is thus 
covered at least 4( k; ’ ) = (2k - 4)(k - 1) times. 
Thus for any module M, we have described (3k - 4)(k - 1) traversals of 
A4 satisfying (i), (ii) and (iii) and covering each edge of L[ yl, y,] at least 
(2k - 4)(k - 1) times. To define the cycles, we need only describe how the 
cycles meet wO. Two cycles meet w,, as in Fig. 20a for each pair of vines 
.q, ,T; 2(k - 1) cycles meet w0 as in Fig. 20b for each vine %q. In general, 
there is some choice as to how the cycles can proceed from one module to 
the next. If the last vertex of one module coincides with the first vertex of the 
next, certain combinations are excluded. However, condition (iii) guarantees 
a suitable arrangement. 
THEOREM 1. Let L be a path of length 1 in a k-connected graph G, 
where k > 3; then G contains a cycle which includes at least 
edges of L. 
The lower bound given in (1) is an immediate consequence of Theorem 1. 
COROLLARY 1. Let G be a k-connected graph (k > 3) which contains a 
path of length 1. Then G contains a cycle of length at least 
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